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Orthotropic materialA computationally economic ﬁnite-element-based approach has been developed to predict the stress–
strain and fracture behaviour of an 8-Harness satin woven ceramic matrix composite with strain-induced
damage. The ﬁnite element analysis utilises a solid element to model the behaviour of the homogenised
orthotropic uni-directional tow and its matrix. The underpinning models of the tow and matrix, (Tang
et al., 2009) capture the physics of the interactions between ﬁbres and matrix; and, in this way, permit
modelling that bridges the length scales of the ﬁbres and full-scale components. The non-linear multi-
axial stress–strain behaviour of the composite has been discretised by multi-linear elastic curves; and
the latter has been used as input to a user deﬁned subroutine, UMAT, in the commercial ﬁnite element
package, ABAQUS. A partial unit cell model has been constructed of the 8-Harness satin weave composite
of carbon ﬁbres embedded in an amorphous carbon matrix, HITCO C/C. Predictions of the global stress–
strain curve, which include the effects of ﬁbre waviness, have been made for two failure modes: the ﬁrst
by deformation localisation, and the second by dynamic tow failure on ﬁbre fracture, triggered by instan-
taneous pull-out deactivation. Comparisons have been made between the predictions and experimental
data that exhibit two classes of fracture behaviour: brittle and quasi-ductile. The predicted results, both
with and without tow waviness, compare well with the experimental data; however, the predictions for
waviness are slightly better. The two extremes of experimental behaviour have been found to correspond
with the two tow fracture criteria modelled.
 2014 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/3.0/).1. Introduction
The low density and good high temperature mechanical and
thermal properties of ceramic matrix composites (CMCs) render
them ideal for use in rocket nozzles; thermal protection systems;
and gas turbine engines (Marshall and Cox, 2008). In addition, they
provide the potential to operate engineering components at higher
operating temperatures, and hence achieve improved thermal
efﬁciencies and achieve lower emissions (Evans and Naslain,
1995). To enable the use of CMCs in engineering components and
structures it is necessary to simulate the material, and the compo-
nent response at the detailed design and manufacturing stages
(McGlockton et al., 2003). The complex spatial topology of the
woven tows (Rinaldi et al., 2012; Blacklock et al., 2012) and the
associated interactive damage mechanisms of the ﬁbres, matrices,and CMC tows, necessitate the use of accurate and computationally
fast methods of analysis (Zhang and Hayhurst, 2010).
In recent decades, the behaviour of woven composites has been
investigated using the concept of a unit cell (representative volume
element, RVE) that represents the basic repeatable element of the
composite. The driver has been to predict the behaviour of the RVE
from knowledge of the constituent materials properties. Three
dimensional ﬁnite element models of RVEs have been used, at the
meso-scale, in which heterogeneous ﬁbre tows are assumed to be
homogeneous. Zhang and Harding (1990) used ﬁnite elements and
the principle of strain energy equivalence to investigate a one-ply
plain weave composite. Incremental advancements were subse-
quently made by the following: Dasgupta and Agarwal (1992),
Woo and Whitcomb (1997), Kuhn and Charalambides (1998), Tan
et al. (1999), Ismar et al. (2000) and Sheikh et al. (2001); with Tan
et al. (1997) andOnal andAdanur (2007) providing explicit accounts
of developments. A disadvantage of the approach employedby these
researchers is that theyusedvery largenumbersofﬁnite elements to
model the details of the geometry of the constituent elements and
their interfaces, with the upshot that long and expensive computa-
tional time were necessary. It is therefore likely that these
Fig. 1. Schematic of the unit cell of the 8-Harness satin weave HITCO material.
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engineering components and structures.
Constitutive equations have been developed by Burr et al.
(1997) that model CMCs matrix cracking, interface debonding,
sliding, ﬁbre failure, and pull-out. The approach, based within a
Continuum Damage Mechanics framework, uses an energy formu-
lation and state variables that relate to micro-mechanisms of
damage and fracture. Their paper lacks clarity on how the ﬁnite
element-based computations were done, and on how numerical
stability was preserved during damage growth and unloading.
Also, Lubineau and Ladevèze (2008) developed a mesoscale dam-
age mechanic model for intra-laminar composite behaviour. Soft-
ening was sequentially triggered by a number of non-linear
damage variables that each introduced its own plasticity, with
localisation and mesh dependence cited as problems. They used a
delay effect framework to avoid numerical problems associated
with unloading and localisation. The techniques of Burr et al.
(1997) and Lubineau and Ladevèze (2008) were developed for
uni-directional straight ﬁbres; and not the complex 8-satin woven
material to be considered here.
Other ﬁnite element techniques have been employed to over-
come these difﬁculties, Tanov and Tabiei (2001) analysed plain
weave fabric composites by homogenising a model of an entire
unit cell. Xu et al. (1995) have used the Binary Technique, which
models the material as two virtual components: a 1-D truss ele-
ment and a 3-D solid element. However, the Binary Technique
requires accurate calibration of the mechanical and thermal prop-
erties of the two virtual components. Despite its success for poly-
mer composites it has not been widely used for CMCs, however
the work of Flores et al. (2010) is an exception. They used a Druc-
ker–Prager plasticity model to generate a ‘‘blanket’’ overview of
ﬁbre failure and pull-out; however, the construct was deﬁcient in
that it was not possible to follow damage evolution and composite
failure in the chosen structure, i.e. a tension panel containing a
central circular hole. Hence the objective of aiding the physical
interpretation of the experimental results was not fully realised.
Rather than employing the binary method, Zhang and Hayhurst
(2009) have used a simpler and more accurate ﬁnite element
approach of modelling the tow material as an orthotropic medium.
They used this technique to model the behaviour of a Nicalon ﬁbre
– CAS matrix 0/90 composite, and a C ﬁbre – SiC/C matrix plain
weave composite DLR-XT. Both materials were modelled under
mechanical loading (Zhang and Hayhurst, 2010), and under
thermo-mechanical conditions for the degradation of transverse
thermal conductivity behaviour (Zhang and Hayhurst, 2011); and
Hayhurst (2013) has also addressed the issue of thermo-mechani-
cal coupling (2013). Both the predicted mechanical and the ther-
mal responses of these materials have been compared with the
results of experiments by Sheikh et al. (2009) and close agreement
has been achieved.
The present paper addresses the extension of the approach
established by Zhang and Hayhurst (2010) for mechanical loading
of 0/90 and plain weave composites to the more complex
8-Harness weave structure of a carbon ﬁbre – amorphous carbon
matrix 8-Harness satin weave HITCO composite. The latter mate-
rial has also been tested by Sheikh et al. (2009), and was shown
to exhibit uncharacteristic stress–strain and thermal degradation
response. The challenge addressed in this paper is to predict and
understand the behaviour of the material in detail.
The approach adopted in this paper is the ﬁnite element tech-
nique of Zhang and Hayhurst (2010), which emphasises the effects
of strain-induced damage modes and their interactions on the
mechanical behaviour. Non-linear tow material properties are
modelled by multi-linear elastic discretisation. The method
adopted by Tang et al. (2009) of modelling the composite using
assemblies of tows, i.e. a collection of thousands of ﬁbresembedded in at least one matrix, is embodied in the approach;
and the tow behaviour has been analysed using orthotropic ﬁnite
elements. By proceeding in this way the orthotropic description
of tow behaviour is traceable to both ﬁbre and matrix properties,
with all the physics of their interactions being taken into account;
and, in this way the approach links the micro response of the indi-
vidual composite constituents with the macro responses of the
RVEs and the structural components that they are used to model.
In this way the multi-axial stress–strain response, and the
damage/degradation of material properties, of the 8-Harness satin
weave composite have been analysed.
An idealised unit cell of the composite is shown schematically
in Fig. 1. The HITCO C/C 8-Harness satin weave is comprised of
T300 carbon ﬁbre tows woven together to form a satin cloth or
lamina. Nine such laminae are stacked and the material is then
inﬁltrated to form a sheet of the composite. Further details of the
material and its manufacturing route are provided by Tang et al.
(2011a). Sheikh et al. (2009) have reported uni-axial test data on
the material for variation of stress and through-thickness thermal
conductivity with axial strain, which will be used here to judge the
ﬁdelity of the analytical approach. The next section introduces the
mechanical behaviour of a HITCO composite tow.2. Mechanical behaviour of a uni-directional CMC tow
This section addresses typical mechanical behaviour of a uni-
directional tow subjected to different loading conditions; and the
inﬂuence of the different damage modes on the stress–strain
response.
2.1. Longitudinal stress–strain response
Under uniform straining in the ﬁbre 3-direction, as shown in
Fig. 2a, a uni-directional ﬁbre-reinforced ceramic matrix tow
exhibits the typical longitudinal stress–strain response shown in
Fig. 2b (c.f. Hayhurst et al., 1991). The characteristic stages of the
stress–strain response are described below (Tang et al., 2009):
AB: initially, the composite behaves as an undamaged, linear
elastic material.
BC: matrix cracking takes place (Fig. 2c).
CD: ﬁbre–matrix interface failure and wake debonding occurs
as shown in Fig. 2d, and the weaker ﬁbres fail as shown
in Fig. 2e.
DE: the majority of ﬁbres fail and pull-out against a frictional
stress takes place along the wake debonded interface, as
illustrated in Fig. 2f.
The term ‘‘wake debonding’’ used in Fig. 2d refers to failure of
the ﬁber–matrix interface that leaves rough, partly fractured
(f)
Fig. 2. Schematic drawings of: (a) a uni-directional tow under longitudinal extension; (b) longitudinal stress–strain and Poisson’s ratio-strain curves; and (c)–(f)
corresponding damage modes.
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as they experience relative sliding.
2.2. Variation of Poisson’s ratio with strain
The idealised variation of Poisson’s ratio with longitudinal strain
is shown in Fig. 2b. The justiﬁcation for this simpliﬁcation is given
by the experimental data of Karandikar and Chou (1993) shown in
Fig. 3 for a uni-directional Nicalon/CAS composite. They used a uni-
axial specimen of 150 mm in length and 12.5 mm inwidth, with the
strains reported in Fig. 3 being measured by strain gauges with
5 mmgauge length; and, the saturation spacing of thematrix cracks
was of the order of 125 lm. The tri-linear idealisation is given byFig. 3. Measured (Karandikar and Chou, 1993) and idealised variation of Poisson’s
ratios with longitudinal strain. Letters A, B and D refer to Fig. 2b.the broken line ABD, where the letters refer to Fig. 2b. The latter
data has also been corroborated by ﬁnite element studies done
using representative volume elements of CMCs by Tang et al.
(2011b). From Fig. 2b it can be seen that initially, Poisson’s ratio
remains constant until point B, where matrix cracking occurs, it
then decreases linearly due to wake debonding, and ﬁnally
approaches zero at the peak stress D. The effect of transverse crack-
ing and local delamination on Poisson ratio has been extensively
discussed for laminated composites by Lubineau (2010), Bordeu
et al. (2010) and Ladeveze and Lubineau (2003); and, extension of
the approach to CMC is straightforward.2.3. Tow deformation and failure for transverse tension
A uni-directional tow subjected to transverse tension, as shown
in Fig. 2a, is assumed to deform in a linear elastic manner. The
transverse Young’s modulus and the Poisson’s ratio, m21 are deﬁned
in Fig. 4b and c respectively; they are assumed to be constant until
the occurrence of ﬁbre–matrix debonding and/or matrix cracking,
shown in Fig. 4d. At that instant the damaged is assumed to be
instantaneous and results in a complete loss of strength. Conse-
quently, after ﬁbre/matrix debonding and/or matrix cracking, the
model assumes the stress to immediately fall to zero.2.4. Tow deformation and failure for transverse shear
The shear stress–strain response for the tow (Blacklock and
Hayhurst, 2011) shown in Fig. 5a is given in Fig. 5b; it is assumed
to have the same characteristics as the transverse behaviour of
Fig. 4b. On loading, the shear stress increases linearly with the
Fig. 4. Schematic drawings of: (a) a uni-directional tow under transverse straining; (b) and (c) transverse stress–strain and Poisson’s ratio curves; and (d) schematic of
corresponding damage modes.
Fig. 5. Schematic drawings of: (a) a uni-directional tow under shear straining; (b) shear stress–strain curve; and (c) corresponding damage modes.
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which point the model assumes catastrophic shear failure takes
place as shown in Fig. 5c, and the shear stress immediately drops
to zero.2.5. Alternative stress–strain models for transverse tension and shear
In a later section the models deﬁned in Figs. 4 and 5 for cata-
strophic tow failure, which have been employed successfully by
3766 D. Zhang, D.R. Hayhurst / International Journal of Solids and Structures 51 (2014) 3762–3775Zhang and Hayhurst (2010) for the carbon ﬁbre, carbon/SiC matrix
composite DLR-XT that cracks on a scale of the order of the tow
width, are found to be too extreme. And alternative models for
the HITCO material will be examined that permit a more gentle
strain dependent degradation of the transverse and shear moduli;
they avoid failure of the amorphous carbon matrix, and instead
allow moduli degradation to take place through continuum dam-
age micro-cracking on the scale of the ﬁbre radius. This will result
in a non-catastrophic loss of stiffness. These models will be deﬁned
in detail in a later section, and the results of analyses on a partial
unit cell of the composite will then be presented.2.6. Longitudinal stress–strain response under multi-axial loading
When a uni-directional tow is simultaneously subjected to two
or more independent loading systems, e.g. longitudinal, transverse,
and shear loading, mechanistic interactions can take place. The
effects of transverse tension or shear stress on the longitudinal
stress–strain response are reﬂected in experiments done on a
range of CMCs that have been reported by Sheikh et al. (2009);
these are now addressed.
For a uni-directional tow under longitudinal uni-axial loading,
the material exhibits ductile behaviour, which is demonstrated as
the gentle decreasing stress–strain curve after the peak in
Figs. 2b and 6a (Blacklock and Hayhurst, 2011). This is due to wake
debonding of the ﬁbre–matrix interface that occurs gradually, and
creates a partially intact ﬁbre–matrix interface, which allows a
failed ﬁbre to pull out against a frictional stress along the wake
debonding interface, c.f. Fig. 2f. This occurs within individual
blocks, where a block is deﬁned by a single ﬁbre and its associated
matrix that is contained between two adjacent matrix cracks. This
phenomenon has been discussed in detail by Tang et al. (2009). The
variation within a tow of the normalised number of wake debond-
ed blocks, N/NT, where NT is the total number of blocks in a tow,(a)
(b)
Fig. 6. Material properties for a C/C composite: (a) stress–strain curve of a uni-
directional tow under longitudinal loading and variation of normalised number of
wake debonded blocks N/NT with composite strain (e33)1; and (b) stress–strain
curve of a uni-directional tow under multi-axial loading (Blacklock and Hayhurst,
2011).with composite strain, (e33)1, is shown in Fig. 6a. When a uni-
directional tow is subjected to multi-axial loading, a positive trans-
verse stress or a shear stress advances wake debonding, and also
degrades the partially intact interface to a non-contacting inter-
face. Hence the frictional stress reduces to almost zero and the
pullout mechanism is weakened.
Even though the strength of the pull-out mechanism is reduced,
it cannot explain the catastrophic ﬁbre failure observed in the
experiments reported by Sheikh et al. (2009). A further mecha-
nism, known as dynamic ﬁbre failure by instantaneous pullout
deactivation (Blacklock and Hayhurst, 2011), is believed to be
the cause of brittle failure. In this mechanism it is postulated that
one half of all blocks in a tow (N/NT = 0.5, at the strain ewd shown in
Fig. 6a) simultaneously undergo instantaneous wake debonding
and ﬁbre pull-out deactivation. Ductile CMCs are designed so that
the average wake debonding strain, ewd, is slightly less than the
peak composite strain; and hence, at this point, the ﬁbres are
stressed to a high fraction of the average ﬁbre failure stress. When
further degradation and failure of the ﬁbre–matrix interfaces take
place, shear stress waves are released c.f. Fig. 2d; waves propagate
away from both matrix cracks at the extremities of the block; and
to maintain equilibrium a tension stress wave is induced in the
ﬁbre. The tension wave moves at a higher velocity than the shear
wave, and the two ﬁbre tension waves meet at the centre of the
block, and reﬂect as a ﬁbre tension wave with twice the amplitude
of the incident wave. The doubling of the tensile stresses in the
ﬁbres causes local failure of the ﬁbre. This local mechanism can
occur simultaneously: at several points along the same ﬁbre; in
several ﬁbres in the same tow; and, in different tows. Interactions
between the events at different locations take place through the
need to satisfy global equilibrium and strain compatibility. Axial
stress redistributes to adjacent ﬁbres causing more widespread
failure of ﬁbres and tow. By this mechanism, the original curve
(Fig. 6b), which corresponds to a uni-directional tow under
longitudinal loading only, switches to the degraded curve, which
is for a tow subjected to multi-axial loading.
In the next section, the ﬁnite element formulation of the
8-Harness satin weave HITCO problem will be addressed.3. Formulation of the ﬁnite element model
A uni-directional tow or lamina has been chosen as the basic
constituent in the ﬁnite element model, and therefore a portion
of a tow or a lamina that consists of thousands of ﬁbres embedded
in the matrix can be represented by a single 8-node solid ﬁnite ele-
ment as shown in Fig. 7. The material properties were assumed to
be multi-linear elastic and the stress–strain and the Poisson’s
ratios-strain curves shown in Figs. 2, 4 and 5 were used in the con-
stitutive equations. The ﬁnite element package ABAQUS (SIMULIA,
2008), with a user-deﬁned subroutine UMAT, was used to perform
the analysis. In this way the approach models a portion of a tow
using a single ﬁnite element with orthotropic properties; and has
the advantage of simplicity in comparison to the binary system
of modelling (Xu et al., 1995). This is a consequence of having only
one component; and, unlike the binary method which has two
components (i.e. ﬁbres and matrix or medium), does not have
the difﬁculties associated with calibration of medium properties.3.1. Homogenisation of a uni-directional tow
A heterogeneous uni-directional tow or lamina has been
homogenised to a single block as shown in Fig. 7. The block has
the same overall dimensions and equivalent orthotropic material
properties as the HITCO tow. There are nine independent material
properties:
A uni-directional tow Orthotropic Block (8-node brick element) 2
1
3
Fig. 7. Homogenisation of a uni-directional tow or a uni-directional lamina to a single orthotropic block.
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Poisson’s ratios: m31, m32, and m12.
Shear moduli: G12, G23, and G13.
The use of nine independent materials parameters in this
homogenisation procedure is necessary to model the highly
orthotropic behaviour of the CMC tow (Yang and Cox, 2003).3.2. Discretisation of the stress–strain curve and deﬁnition of the
constitutive equations
The analysis of the composite behaviour was carried out on a
partial unit cell composed of four tows, each having several
homogenised orthotropic ﬁnite elements. To perform the ﬁnite
element analysis, the non-linear longitudinal stress–strain rela-
tionship was discretised to a multi-linear curve. The loading was
applied to the unit cell in terms of displacement boundary condi-
tions, i.e. displacement rather than load controlled conditions were
imposed. The applied displacement was divided into many small
increments. For each increment, the constitutive equation used
for the orthotropic material was:
fDrg ¼ ½CðDeÞfDeg; ð1Þ
where {Dr} is the stress increment vector, ½CðDeÞ is the incremen-
tal stiffness matrix, and fDeg is the strain increment vector. The
derivation and explicit form of the equation is given in Zhang and
Hayhurst (2010), and for convenience is repeated in Appendix A.
The strain driven formulation has been selected since to best
deal with local unloading difﬁculties. In this way all the problems
associated with a load-based formulation have been avoided. The
approach has been to maintain a level of simplicity that is
commensurate with the quality of data available for the materials
under study.3.3. Activation of dynamic tow failure on ﬁbre fracture by
instantaneous pullout deactivation
To model the activation of the dynamic ﬁbre failure mechanism,
by instantaneous pullout deactivation, under multi-axial loading,
introduced in Section 2.5, two assumptions are made: (a) the
switch from the original stress–strain curve to the degraded curve
is activated by a small ﬁnite positive transverse stress, or by a small
non-zero shear stress; and (b) as a consequence, the decrease of
the Poisson’s ratios, m31 and m32 commences at the matrix cracking
strain ewd, as shown in Fig. 6a, and were taken to zero at the wake
debonding strain, as opposed to the strain at peak load, D, given on
the curve of Fig. 2b for the uni-axially strained tow. The assump-
tions made are based on the effects of instantaneous ﬁbre pullout
deactivation as discussed in Section 2.5.3.4. Implementation of the UMAT in ABAQUS
The ﬁnite element analysis was carried out using the package,
ABAQUS/standard and a user deﬁned subroutine, UMAT, to perform
the calculations associated with the multi-linear constitutive equa-
tions. The multi-axial elastic properties, the constitutive equations,
and the activation of the dynamic composite failure on ﬁbre fracture
by instantaneous pullout deactivation were deﬁned in the UMAT.
During each increment, the UMAT read the strains at each material
point, and then assigned the corresponding Young’s moduli, Pois-
son’s ratios and shear moduli. The constitutive equations were then
used to calculate the stress ﬁelds. Nine solution-dependent state
variables, STATEV, were used to record different damage modes
and to control their interactions. The initial values of STATEV, were
set to 0; and when the damage state changes, i.e. transverse crack-
ing, shear failure, or dynamic ﬁbre failure occurs, the values of STA-
TEV were set to be 1. The STATEV values associated with the
Poisson’s ratios, m31 and m32, are controlled by the dynamic ﬁbre fail-
ure. Once STATEV values are equal to 1, thematerial properties take
very small ﬁnite values, no matter what the local strains are.
Automatic incrementation algorithms and the increment redef-
inition variable, PNEWDT, were continuously updated to ensure
that the discretised points were located exactly at the end of the
relevant increments.
In the UMAT, the material Jacobianmatrix has to be provided for
themechanical constitutivemodel. Incorrect deﬁnition of themate-
rial Jacobian usually inﬂuences only the convergence rate; and, the
results (if achieved) are unaffected (SIMULIA, 2008). However, an
inaccurate Jacobian matrix may cause computational failure due
to solution divergence. If rapid convergence of the analysis is to
be achieved then the Jacobian matrix must be accurately deter-
mined. The approach for the evaluation of the material Jacobian
matrix is given in Appendix A for the constitutive equation (1).
3.5. Load path algorithm
Post-peak behaviour of composites and the associated loss of
uniqueness, can pose a problem. This leads to zones of composite
unloading with adjacent zones loading, whilst both zones are sub-
jected to increasing strain, hence compatibility can be satisﬁed
whilst equilibriummay be violated. To model the inﬂuence of ﬁbre
fracture by instantaneous pull-out deactivation on dynamic tow
failure, load paths were introduced into the ﬁnite element method.
A load path consists of a series of elements which form a continu-
ous tow or lamina, e.g. elements in a longitudinal tow or elements
in an orthogonal tow. The introduction of the load path algorithm
is to model the damage mechanism of dynamic tow failure in a
homogeneous aspect, but not to evaluate the failure mechanism
locally. Although the load path is prescribed as a prerequisite and
this choice is mathematically arbitrary, the load path of a continu-
ous tow is consistent with the physical representation of the HITCO
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longitudinal properties of woven tows. It was assumed that:
(1) When the local longitudinal strain of an integration point
(master point) in a load path, reaches 90% of the wake
debonding strain, ewd, then the Poisson’s ratios, m31 and m32,
of all the other integration points (slave points) in the load
path decrease proportionally with the reduction in the cor-
responding variable at the master point. The Poisson’s ratios,
m31 and m32, of all the integration points reduce to zero when
the longitudinal strain of the master point reaches the wake
debonding strain, ewd.
(2) Following that, elements in all load paths were allowed to
fail simultaneously, and all stress components were
unloaded to zero. The unloading slope was selected to be
as steep as possible, compatible with the maintenance of
numerical stability. This algorithm was implemented in
the UMAT by reading element numbers in each load path
that were stored in a data ﬁle. To facilitate the unloading
computation, a scaling factor, determined by the fractional
reduction of the stiffness at the master point was used to
evaluate the degraded stiffness at the slave points. The
unloading of a load path is implemented in an implicit
way; with the calculation performed as in a static analysis
without loading rate dependence.3.6. Implementation of the incremental constitutive law
For each increment in the ﬁnite element analysis, the incremen-
tal constitutive law, Eq. (A.9), has been implemented using the
following steps:
(1) Determine the nine material properties from the local
strains and multi-linear curves.
(2) Identify the damage state and update the state variable,
STATEV. If the dynamic ﬁbre failure criterion is satisﬁed,
then the load path algorithm is activated.
(3) Update the stress increments using the incremental
constitutive equation (A.9).
(4) Update the material Jacobian matrix using Eq. (A.11).4. Deﬁnition of partial unit cell for HITCO 8-Harness satin weave
A plan view of the entire unit cell is shown schematically in
Fig. 8a, this view replicates the isometric view of Fig. 1. To reduce
the number of ﬁnite elements used to model the HITCO 8-Harness
satin weave, and also to alleviate numerical difﬁculties that can
arise with modelling localised unloading within the repeated
woven zones, eight in total for the 8-Harness satin weave, of the
entire unit cell, a minimal repeatable sub-unit has been sought.
The minimal or partial unit cell/sub-unit selected is that associated
with the square region of the weave that is deﬁned by the outer
broken line in Fig. 8a and b. For purposes of ﬁnite element analysis
this can be reduced further to the quadrant, shown in Fig. 8c. In
this ﬁgure the points X1a and X3a are on the centre lines of orthog-
onal tows. The dimensions deﬁned in Fig. 8b and c have been
determined on a volumetric basis, such that the volume of the par-
tial unit cell square in Fig. 8b, of unit thickness, is (2X2b)(2X3b),
which in turn is one eighth of the volume of the entire unit cell
of Fig. 8a, i.e. (4a 4a)/8. Given that X2b = X3b, it can then be shown
that 2X2b = 2X3b =
ﬃﬃﬃ
2
p
a. The ﬁnite element analysis has been carried
out on the partial unit cell of Fig. 8c using periodic boundary
conditions.5. Formulation of the ﬁnite element partial unit cell model
Fig. 9a shows two 0 tows, dark shading, and two 90 tows, light
shading, and Fig. 9b shows the assembled tows that make up the
entire partial unit cell. An important objective of this study is to
develop an approach which is capable of analysing large scale com-
posites and engineering components. This makes it a very difﬁcult
task to create a ﬁnite element model, which captures woven fea-
tures of a tow yet uses a minimum number of ﬁnite elements.
The mesh and geometry of the HITCO 8-Harness satin weave par-
tial cell shown in Fig. 9 is believed to be a near optimal solution.
The mesh for a single woven tow consists of 16 elements: three
8-node brick elements, nine 6-node wedge elements, and four 4-
node tetrahedral elements; and the mesh for a single straight
tow consists of 20 elements: seven 8-node brick elements, nine
6-node wedge elements, and four 4-node tetrahedral elements.
The HITCO 8-Harness satin weave partial unit cell model is an
assembly of four tows c.f. Fig. 9b, which are bonded together
through the fully contacted interfaces. Inevitably, the small num-
ber of elements will incur some loss of accuracy. However, it is
these features that make possible the ﬁnite element analysis of
large components. Yang and Cox (2003, 2010) concluded that
strains averaged over a gauge volume whose linear dimensions
are equal to or exceed half the cross-sectional dimensions of a
tow, are reasonably mesh independent. For the present HITCO
8-Harness satin weave partial unit cell model, the majority of the
elements (93.3% by volume) are approximately equal to this gauge
volume; and, in addition their strain distributions are rather
uniform. Hence, it is reasonable to use the local strain at an inte-
gration point to predict different failure modes of the material.
The ﬁdelity of the model will be assessed by using the stress–strain
experimental results of Sheikh et al. (2009).
The geometry of a single woven tow, shown as the lower
illustration in Fig. 9a, is given in Fig. 10. By reference to Fig. 9a,
and by virtue of symmetry, the dimension of the non-woven tows
may be deduced.6. Modelling of tow waviness
During manufacture of the HITCO 8-Harness satin weave com-
posites, some degree of waviness in the alignment of the ﬁbres
or tows is introduced. The weave angle and the degree of waviness
have been obtained from the micrographs presented by Sheikh
et al. (2009). To the knowledge of the authors, this is the only infor-
mation available in the literature, and measurements have been
taken from that source. The value of the weave angle is f = 9.4;
and the average waviness angle is n = ±2.44. The latter value has
been used in the ﬁnite element model to evaluate the effects of
waviness on stiffness reduction. Both the in-plane and out-of-plane
waviness is modelled in the ﬁnite element analysis by assigning an
associated local material orientation to each individual element.
Fig. 10 shows the ﬁbre directions and their waviness angle of
n = ±2.44. To assess the effects of waviness on composite behav-
iour, stress–strain curves have additionally been predicted for zero
waviness angle n = 0. A periodic boundary condition was applied
to the partial unit cell to simulate uni-axial straining along the 0
ﬁbre direction (the 3 direction in Fig. 9).7. HITCO C/C tow material properties
Blacklock and Hayhurst (2011, 2012) reported the initial elastic
properties and multi-axial failure behaviour of HITCO ﬁbre tows.
The initial elastic properties were predicted based on a micro-
mechanical ﬁnite element analysis of representative volume
elements from the constituent properties of ﬁbres and matrices.
(a)
a a2
a
a2
(b) O X1a X2b X1
X3a
X3b
X3
(c)
Fig. 8. Deﬁnition of partial unit cell. (a) Plan view of entire unit cell shown schematically in Fig. 1. (b) Weave segment identiﬁed in (a) by broken line square boundary.
(c) Deﬁnition of a single quadrant of the partial unit cell shown in (b).
(a)
(b)
90º
0º
2
13
0º
90º
0º
90º
Fig. 9. Finite element mesh of a single quadrant of the partial unit cell shown in Fig. 8c: (a) exploded view showing 0 tows, dark shading, and 90 tows, light shading.
(b) Assemblage of tows, shown in (a), to form one quarter of the partial unit cell.
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Fig. 10. Geometry of a single woven tow, shown as the lower illustration in Fig. 9a.
Tow waviness is shown by the broken thick line, and deﬁned by the waviness angle
n = ±2.44. The weave angle is f = 9.4. All linear dimensions are given in mm.
3770 D. Zhang, D.R. Hayhurst / International Journal of Solids and Structures 51 (2014) 3762–3775The longitudinal stress–strain curve of the uni-directional HITCO
ﬁbre tows under multi-axial loading were obtained using the phys-
ical model of Hayhurst et al. (1991) and Tang et al. (2009); and the
fracture behaviour was modelled by the mechanism proposed by
Blacklock and Hayhurst (2011) involving dynamic ﬁbre failure by
instantaneous pullout deactivation. Elastic properties used in the
ﬁnite element model are given in Fig. 11. The discretised longitudi-
nal stress–strain curves are shown in Fig. 11a, where the solid line
is the original curve, which is for a uni-direction tow under
longitudinal straining only, and the broken line is the degraded
curve, which takes account of dynamic ﬁbre failure at e33 = ewd.
The variation of Poisson’s ratios, m12, m31 and m32, with longitudinal
strain are shown in Fig. 11b.Fig. 11. Material properties of HITCO C/C tow: (a) longitudinal stress–strain curve (b) th
and m32 and (d) longitudinal through-thickness shear stress–strain curve.With regard to the deformation and failure behaviour of tows
under transverse tension and shear, two models will be studied.
These are now addressed7.1. Transverse brittle tow failure
The stress–strain curves corresponding to this mechanism are
shown in Fig. 11c and d. In physical terms the loss of strength cor-
responds to the formation of cracks transverse to the tow. The ini-
tiation of the cracks is either associated with the matrix or the
ﬁbre–matrix interface, and growth takes place to generate a con-
tinuous crack or set of cracks across the tow section, whose length
is expected to be of the order of the tow width. The transverse
stress–strain, shear stress–stain curves of Fig. 11c and d respec-
tively are shown with bi-linear broken lines as in Figs. 4b and
5b; however, it was not possible to achieve numerical convergence
for the discontinuous nature of this representation, and both
curves had been smoothed around the peak of the reference curves
as shown in Fig. 11c and d, but the fracture energy covered by the
reference curves and the corresponding smoothed curves are
identical.
This is the model utilised by Zhang and Hayhurst (2010) for the
carbon ﬁbre, SiC/carbon matrix composite DLR-XT; and for that
materials system, the transverse cracks would be expected to occur
in the SiC component of the matrix. However, for the C/C HITCO
material studied here this is not expected to be the case due to
the amorphous nature of the carbon, and in addition an alternative
proposal will also be considered.7.2. Transverse tow failure by strain controlled moduli degradation
In the C/C HITCO material only one amorphous carbon matrix
exists. Unfortunately, no micrographic evidence is available to
guide the formulation of a relevant model, and an inverse approach
will be adopted: a model will be postulated, its effects predicted at
the partial unit cell level, and its efﬁcacy assessed. It is thought thatrough-thickness stress–strain curve (c) longitudinal transverse Poisson’s ratios, m31
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radius, and result in a very gentle degradation of moduli that is
controlled by the strain dependence of the associated transverse
modulus. The model has been formulated as follows.
The transverse moduli E11 and E22, and the shear moduli G12, G13
and G23 degrade in sympathy with the corresponding direct mod-
ulus Eii (eij) such that:
E1¼E2¼ E1ðe11¼0Þ E3ðe11ÞE3ðe11¼0Þ
 
; and
G12¼G12ðe12¼0Þ E1ðe12ÞE1ðe12¼0Þ
 
; G13¼G13ðe13¼0Þ E1ðe13ÞE1ðe13¼0Þ
 
;
G23¼G23ðe23¼0Þ E2ðe23ÞE2ðe23¼0Þ
 
: ð2Þ
The Poisson’s ratios have been evaluated as follows:
for e11 6 0:07%; m12 ¼ 0:262; and
for 0:07 6 e11 6 e^; m12 ¼ 0:262 0:262e^ 0:07%
 
e11;
ð3Þ
where e^ ¼ ewd ¼ 0:3% strain for catastrophic failure, and e^ ¼ 0:38%
is the peak tow strain. This approach is consonant with the experi-
mental evidence discussed in relation to Fig. 3 for values of the
Poisson’s ratios, and the model will be referred to as transverse
tow failure by strain controlled moduli degradation.
In the next section the results of analyses are presented for the
partial unit-cell.
8. Stress–strain predictions of the partial unit cell for HITCO 8-
Harness satin weave
8.1. Models for tow failure
Several ﬁnite element predictions have been made for different
conditions and assumptions, these include: values of ﬁbre/tow
waviness of n = 0 and n = ±2.44; the two transverse failure mod-
els, transverse matrix fracture (Fig. 11c), with transverse moduli
degradation equations (2) and (3); and, tow failure either by
dynamic ﬁbre failure by instantaneous pullout deactivation, or by
deformation limited failure; the latter will be elaborated in a later
section. These failure criteria have been implemented in the ﬁnite
element UMAT by identiﬁcation of the element integration point
which has the largest local axial component of strain e‘33. The selec-
tion of this node has been assisted by the use of axial strain ﬁeld
plots of the type shown in Fig. 12, where the results are presented
for: waviness n = ±2.44, transverse brittle tow failure, and
dynamic composite failure on ﬁbre fracture by instantaneous
pullout deactivation. The most highly strained node, presented inFig. 12. Field plot of tow strain e‘33, deﬁned in local coordinates, over two adjacent 0 to
separately in dark shading, and Fig. 9b for local coordinates. Levels of strain are given prio
a band passing through the woven section of the tows.the strain ﬁeld plot, e‘33, of Fig. 12, is located in the straight tow
in an element that is adjacent to the weave zone of the adjoining
tow. This point becomes the master point at which the local strain
is used to control unloading in the load paths as described in Sec-
tion 3.4 (i). Two partial unit cell failure modes have been identiﬁed.
Firstly, dynamic composite failure on ﬁbre fracture by instanta-
neous pullout deactivation when the local strain at the control
node e‘33 = ewd = 0.3%. And secondly, composite failure by deforma-
tion localisation is allowed when the local strain e‘33 is permitted to
increase, overriding other failure mechanisms, until deformation is
localised in the coloured band of Fig. 12, adjacent to the weave
zone. At this point the stress r‘33 across the band begins to
decrease, axial equilibrium can no longer be satisﬁed and failure
ensues.
These aspects are each addressed in turn in the following sec-
tion, after the experimental stress–strain data for the HITCO com-
posite has been introduced.
8.2. Experimental stress–strain curves for the HITCO composite
The results of experiments carried out on uni-axial testpieces
manufactured from the HITCO 8-Harness satin weave material
have been reported by Sheikh et al. (2009). Four tests were per-
formed and the stress–strain curves for three tests have been
reproduced in Fig. 13. One test result, which is essentially the same
as that for Exp 4, has been omitted. This is due to the associated
thermal data, not considered here, being erroneous. Two classes
of behaviour were observed: two tests exhibited brittle behaviour,
c.f. Exp 4 of Fig. 13, without evidence of controlled unloading, and
two tests showed a ‘‘ﬂat topped stress–strain curve’’ followed by
stable unloading, i.e. quasi-ductile behaviour, c.f. Exp 1 and 2 of
Fig. 13.8.3. Predictions made using composite failure by deformation
localisation
8.3.1. Composite stress–strain response for the matrix transverse
brittle tow failure (Fig. 11c)
Predictions have been made for the matrix fracture model,
deﬁned in Fig. 11c, with waviness angle n = 0, and for composite
failure by deformation localisation. The prediction of Fig. 13 shows
that the composite stiffness is grossly under-estimated for strains
in excess of 0.06%. However, the failure strain obtained for com-
posite failure by deformation localisation is in good agreement
with the results of Exp 1 and Exp 2; and does not agree with the
test result for Exp 4. This indicates that the constitutive model used
for the transverse straining of the tow is incorrect. Several possible
solutions have been sought. The ﬁrst is to increase the tow axialws; 90 tows are not shown for clarity. See Fig. 9a in which the 0 tows are shown
r to failure by deformation localisation. The zone of strain localisation is conﬁned to
Fig. 13. Comparison of experimental stress–strain curves for the HITCO 8-Harness
satin weave C/C laminate with the curve predicted for n = 0 waviness, the
transverse brittle tow failure stress–strain curve, given in Fig. 11c, and composite
failure by deformation localisation.
Fig. 15. Comparison of an experimental stress–strain curve for the HITCO 8-
Harness satin weave C/C laminate with curves predicted for n = 0 and n = ±2.44
levels of waviness and the transverse tow stress–strain curve given by the coupled
damage stiffness reduction model. Failure has been modelled by dynamic ﬁbre
failure by instantaneous pull-out deactivation.
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This proved not to be possible, since the average ﬁbre failure stress
and the associated Weibull index were accurately assigned and the
variations to the extremes of tolerance/accuracy would not achieve
the necessary increases in strength. Guidance was sought from the
work of Tang and Hayhurst (2011) in which the transverse modu-
lus was set to a value that neglected transverse matrix cracking,
and was based on the initial transverse moduli determined by
Blacklock and Hayhurst (2012). Hence the similar approach
described by Eqs. (2) and (3) has been adopted here.
8.3.2. Composite stress–strain response for transverse tow failure by
strain controlled moduli degradation equations (2) and (3)
The calculations reported in the previous section have been
repeated for exactly the same conditions, but with the inclusion
of transverse tow failure by strain controlled moduli degradation
described by Eqs. (2) and (3), and the results are presented in
Fig. 14. In addition, results are also presented for waviness values
of n = ±2.44. For both waviness values of n = 0 and n = ±2.44
the predictions are in close accord with data for the test results
of Exp 1 and Exp 2, and the prediction for the waviness angle of
n = ±2.44 is in good agreement with the larger failure strain of
Exp 2.
8.4. Predictions made for dynamic composite failure with ﬁbre fracture
by instantaneous pullout deactivation
Finite element predictions have been made for two levels of
waviness n = 0 and n = ±2.44 and for dynamic composite failureFig. 14. Comparison of experimental stress–strain curves for the HITCO 8-Harness
satin weave C/C laminate with curves predicted for n = 0 and n = ±2.44 levels of
waviness and the stress–strain curve given by the model for transverse tow failure
by strain controlled moduli degradation. Failure has been modelled by deformation
localisation in the partial unit cell close to the weave section.on ﬁbre fracture by instantaneous pull-out deactivation
e33 = ewd = 0.3%; the results are presented in Fig. 15 where they
are compared with the experimental result, Exp 4.
The prediction for waviness of n = ±2.44 best predict both the
levels of stress and strain and also the failure strain level.
9. Discussion of results
9.1. Transverse tow failure
Comparison of the predictions the two models, i.e. transverse
brittle tow failure, and transverse tow failure by strain controlled
moduli degradation, are shown in Figs. 13 and 14 for zero waviness
n = 0. If failure takes place at the transverse strain of 0.07% as
shown in Fig. 11c then the predictions of Fig. 13 are obtained. This
results in a composite response, in the global 3-direction, that is
too soft. Alternatively, if the transverse tow moduli are allowed
to degrade in sympathy with the corresponding direct moduli, as
deﬁned by Eqs. (2) and (3), then acceptable predictions of Fig. 14
are obtained. If this model is correct, it infers that the amorphous
carbon matrix, or the ﬁbre–matrix interface, must degrade without
the inception of a single dominant matrix crack. One possible
mechanism for this is the formation of a ﬁeld of continuum-type
micro-cracks on a scale of the order of less than one ﬁbre radius.
However, to the knowledge of the authors, no such microscopic
evidence is available; but with the advent of tomographic internal
damage examination techniques this may become possible.
9.2. Fibre/tow failure by deformation localisation
The mechanism of tow failure by localisation of deformation is
clearly shown in Fig. 12. As outlined in Section 8.1 failure by defor-
mation localisation occurs when the local strain e‘33 is permitted to
increase until deformation is localised in the coloured band of
Fig. 12, adjacent to the weave zone, at which point the stress r‘33
across the band begins to decrease with increasing strain, then
axial equilibrium can no longer be satisﬁed and failure ensues. This
mechanism will take place in a laminate cross-section where the
largest number of such events is found to take place, provided no
other failure mechanism intervenes.
9.3. Dynamic ﬁbre/tow failure by instantaneous pullout deactivation
The mechanism of dynamic ﬁbre/tow failure by instantaneous
pullout deactivation (Blacklock and Hayhurst, 2011) is probably
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satin weave each straight tow zone, adjacent to a weave section,
where this mechanism is ﬁrst triggered has several, locally stiffer
straight tows, in parallel. These tows are adjacent both in the plane
of the laminate, and in the laminae above and below. It is these
parallel load carrying tows that will permit stress redistribution,
and will tend to negate local failure. However, a feature of the
mechanism of dynamic ﬁbre/tow failure by instantaneous pullout
deactivation is that tension stress waves run along the tows and
pass into adjacent unit cells, causing failure as they propagate.
Other mirror-like events that may take place at distances, in both
directions, further along a tow and will inevitably interact; and will
make it difﬁcult for the locally parallel straight tows to accept sta-
ble stress redistribution and hence avoid failure.
For purposes of components design it will be impossible to pre-
dict which of the two mechanisms will take place, when and
where, and design will have to take place based on the most severe
mechanism of dynamic ﬁbre/tow failure by instantaneous pullout
deactivation.10. Conclusions
1. A ﬁnite-element-based multi-linear elastic approach that uses
an orthotropic solid element, as a homogenised medium of a
heterogeneous uni-directional tow with strain-induced dam-
age, has been used to accurately predict the experimentally
measured mechanical behaviour of the HITCO 8-Harness satin
weave composites.
2. Close agreement between predictions and the results of exper-
iments conﬁrm the assumption that Poisson’s ratio degrades
linearly with strain, from the matrix crack strain to a strain
associated with peak load.
3. The assumption that transverse tow failure occurs in a brittle
manner, as summarised in Figs. 4 and 11, has been shown to
be incapable of modelling the measured composite response
of Fig. 13.
4. The assumption that transverse tow failure takes place by strain
controlled moduli degradation, c.f. Eqs. (2) and (3), has been
vindicated by the close agreement between predictions and
experiment shown in Fig. 14. However, the postulated govern-
ing physical mechanisms require investigation and clariﬁcation.
5. It has been found necessary to introduce two classes of compos-
ite failure to accurately predict the extremes of behaviour
observed in experiments i.e. quasi-ductile and brittle responses.
These are:
Either: composite failure by deformation localisation in a band
that is orthogonal to the tows and passes through the weave
section.
Or: dynamic composite failure on ﬁbre fracture by instanta-
neous pullout deactivation (Blacklock and Hayhurst, 2011).
The features of the composite, or of the loading conditions, that
determines which mechanism controls the behaviour are not
clear, and require investigation.
6. The inter-laminar/tow properties have been assumed to be
those of the amorphous carbon matrix. The good quality of pre-
dictions conﬁrms the appropriateness of this assumption for in-
plane loading of the composites.
7. The computational approach developed allows the behaviour of
a composite partial unit cell to be modelled by a small number
of ﬁnite elements. The high efﬁciency, and the simplicity of the
approach, make it possible to analyse large scale woven com-
posites; and, the use of the technique to model real engineering
components will be pursued as a future development.Acknowledgments
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Appendix A. Incremental constitutive equations and material
Jacobian matrix
This presentation has been given in a similar form by Zhang and
Hayhurst (2010) but is presented here for completeness. For a lin-
ear elastic analysis, the constitutive equations for an orthotropic
material in terms of engineering material constants are
r11
r22
r33
r23
r13
r12
8>>>><
>>>>>:
9>>>>=
>>>>>;
¼
1m23m32
E2E3D
m21þm23m31
E2E3D
m31þm21m32
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m21þm23m31
E2E3D
1m13m31
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m32þm12m31
E1E3D
0 0 0
m31þm21m32
E2E3D
m32þm12m31
E1E3D
1m12m21
E1E2D
0 0 0
0 0 0 G23 0 0
0 0 0 0 G13 0
0 0 0 0 0 G12
2
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77777777775
e11
e22
e33
e23
e13
e12
8>>>><
>>>>>:
9>>>>=
>>>>>;
;
ðA:1Þ
where D ¼ ð1m12m21m23m32m13m312m21m32m13ÞE1E2E3 and mij ¼
Ei
Ej
mji (i, j = 1–3 and
i– j).
For a non-linear elastic analysis, the solution cannot be calcu-
lated by solving a single system of linear equations. Instead, the
whole analysis is divided into many small increments; and in each
increment, the analysis is approximated to that for a linear elastic
problem. The stress increment for a strain increment can be calcu-
lated by using the incremental constitutive equations. Then the
actual stresses are updated by adding the stress increments to
the stresses at the end of the immediately previous increment.
In Eq. (A.1), all the elastic properties, Ei, mij, and Gij, are constant.
While the elastic properties used in the incremental constitutive
equations vary, and they are functions of the strain increment.
For an increment, Young’s moduli and Shear moduli are the tan-
gential slopes of their corresponding stress–strain curves, which
are denoted by E0i and G
0
ij, respectively. Due to the multi-linear dis-
cretisation, any Young’s moduli and Shear moduli between two
adjacent discretised points remain constant. Therefore they can
be used directly in the incremental constitutive equation when
the increment is within two adjacent discretised points. For Pois-
son’s ratios, the properties linearly decrease after matrix cracking.
In this situation, the Poisson’s ratios at the end of an increment are
used because they determine the stress state at the end of an
increment.
Poisson’s ratios, mij, are usually deﬁned by the actual strains.
However, for an incremental analysis, the initial state is the begin-
ning of a strain increment rather than the actual zero strain. Hence,
the incremental Poisson’s ratios, m0ij, in the incremental constitutive
equations has been calculated by the strain increment. Since the
Poisson’s ratios at the end of an increment are used, the relation-
ship between the incremental Poisson’s ratios, m0ij, and the actual
Poisson’s ratios, mij, at the end of an increment is derived as follows.
Fig. A.1 shows a linearly decreasing Poisson’s ratio in two coor-
dinates, where eii  mij is the coordinate of actual strain, and e0ii  m0ij
is the coordinate of incremental strain. In both coordinate systems,
the slope of the Poisson’s ratio-strain curve is ki. In the actual strain
coordinate, for strain increment, Deii, from ebgnii to e
end
ii , the corre-
sponding Poisson’s ratios change from mbgnij to m
end
ij . The following
relationships exist:
ebgnjj ¼ ebgnii mbgnij ; ðA:2Þ
Fig. A.1. Poisson’s ratios given in the coordinates of actual strains and incremental
strains.
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mendij ¼ mbgnij þ kiDeii: ðA:4Þ
In the incremental strain coordinate, for the same strain incre-
ment, Deii, from 0 to e0 endii , the corresponding Poisson’s ratios vary
from 0 to m0 endij . The Poisson’s ratios at the end of the increment
can be deﬁned as
m0 endij ¼ 
e0 endjj
e0 endii
: ðA:5Þ
Since e0 endii ¼ Deii, similarly e0 endjj ¼ Dejj can be obtained. Substitution
of these expressions into Eq. (A.5) yields
m0endij ¼ 
Dejj
Deii
¼  e
end
jj  ebgnjj
Deii
: ðA:6Þ
On consideration of Eqs. (A.2) and (A.3), Eq. (A.6) becomes:
m0endij ¼
eendii mendij  ebgnii mbgnij
Deii
: ðA:7Þ
Substitution of eendii ¼ eendii þ Deii and Eq. (A.4) into Eq. (A.7) gives:
m0endij ¼ mbgnij þ ki ebgnii þ Deii
 
¼ mbgnij þ kieendii : ðA:8Þ
Finally, the incremental constitutive equations for an orthotro-
pic material in a multi-linear elastic analysis can be expressed
explicitly as:
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where the primed values E0i, G
0
ij, m0ij refer to the local linearised mate-
rial properties, and
D ¼ 1 m
0end
12 m0end21  m0end23 m0end32  m0end13 m0end31  2m0end21 m0end32 m0end13
 
E01E
0
2E
0
3
and
m0ij ¼
E0i
E0j
m0ji ði; j ¼ 1 3 and i–jÞ;
or
fDrg ¼ ½CðDeÞfDeg: ðA:9bÞ
The material Jacobian matrix, which is required in the ABAQUS
user-deﬁned subroutine, UMAT, is deﬁned as @Dr=@De wheredDr ¼ @Dr
@De
de: ðA:10Þ
The material Jacobian matrix can then be obtained by differen-
tiating equation (A.9):
@Dr
@De
¼ @CðDeÞ
@De
Deþ CðDeÞ; ðA:11Þ
where
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